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This paper explores the role of complementarities and incomplete markets in economic 
growth. We analyze the evolution of an economy composed of a countable set of industries. 
Individual industries exhibit non-convexities in production and are linked by localized technologi- 
cal complementarities. These complementarities, when strong enough, produce multiple equilibria 
in long-run economic activity. The equilibria have a simple probabilistic structure that demonstrates 
how local interactions can affect the aggregate equilibrium. The model generates interesting 
cross-sectional and intertemporal dynamics as coordination problems become the source of 
aggregate and individual industry volatility. The model also illustrates how the growth of leading 
sectors can cause a takeoff to a high aggregate production equilibrium. 

1. INTRODUCTION 

The substantial differences in output levels and growth rates across countries have recently 
become the focus of a large body of macroeconomic research. Much of this interest stems 
from the implication of different national experiences for dynamic general equilibrium 
models of aggregate activity. A hallmark of the stochastic growth model pioneered by 
Brock and Mirman (1972) is the convergence of economies with identical preferences 
and production functions to a common level of average output. Yet many analyses of 
long-run output movements (see DeLong (1988), Quah (1990), and Durlauf and Johnson 
(1992)), have concluded that per capita output is not equalizing across countries, even 
after accounting for various types of microeconomic heterogeneity. 

One approach to explaining divergence has relied on modifying the standard growth 
model to account for increasing returns to scale as a source of multiple steady states. 
Romer (1986), Lucas (1988) and Azariadis and Drazen (1990) have argued that physical 
or human capital accumulation by individual agents will increase the productivity of 
other agents throughout the economy, creating a form of "social" increasing returns. 
When these spillover effects are strong enough, multiple equilibria may exist as two 
different capital stocks possess the same marginal product. 

Increasing returns to scale and imperfect competition have been linked to multiple 
equilibria in long-run development by Murphy, Shleifer and Vishny (1989). These authors 
show that increasing returns can lead to multiple equilibria when production decisions 
by firms are constrained by the extent of market demand. Low- and high-output equilibria 
are both possible due to aggregate demand spillovers created by production in each 
sector. Low per capita income levels may be interpreted in this context as a manifestation 
of coordination failure. The possibility of coordination failure has been explored in many 
formulations of market imperfections starting with Diamond (1982); Cooper and John 
(1988) provide a unified framework for this class of models. 

One weakness of coordination failure models in explaining aggregate activity is their 
failure to incorporate any stochastic dynamics. These models typically exhibit several 
constant steady states. The level of long-run activity, however, is entirely determined by 
the initial conditions of the model. No role exists for transition dynamics in the selection 
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350 REVIEW OF ECONOMIC STUDIES 

of, or movements across, steady states. Further, coordination failure models cannot 
address the question of cycles in aggregate activity, nor can they explain cross-sectional 
heterogeneity of behaviour around a particular equilibrium. 

This paper studies a dynamic, stochastic model of coordination failure with a focus 
on the mechanisms by which growth evolves. We analyze the evolution of a countable 
set of industries over time. Technological complementarities create intertemporal linkages 
between the production functions of each sector, in ways similar to social increasing 
returns models. When these complementarities are strong enough, coordination failure 
can occur which affects long-run behaviour. 

Methodologically, we interpret an aggregate equilibrium as a joint probability measure 
characterizing many agents. The microeconomic specification of the model produces a 
set of probability measures which describe each individual agent's actions conditional 
upon the history of the economy. An equilibrium exists when these conditional probability 
measures are compatible with a joint probability measure over all agents at all dates. 
Further, we can equate the invariant probability measure over all agents with the long-run 
equilibrium of the economy. The long-run equilibrium for the economy is unique whenever 
the conditional probability measures generate only one joint invariant probability measure 
regardless of initial conditions or the economy's sample path realization.' When a class 
of conditional probability measures is consistent with multiple invariant probability 
measures, the stochastic process is said to be nonergodic. This probabilistic formulation 
of the economy requires the use of results from the theory of multi-dimensional random 
processes, known as random fields. A major goal of this paper is to illustrate how random 
field methods can be used to model complex economies. 

This characterization of coordination problems as the relationship between condi- 
tional and invariant probability measures provides a natural framework for discussing 
the endogenous evolution of an economy towards one of several levels of long-run average 
behaviour. At the same time, by modelling the economy as a multi-dimensional stochastic 
process, it is straightforward to generate interesting cross-sectional and intertemporal 
dynamics for output. 

The dynamic behaviour of our aggregate economy possesses two interesting proper- 
ties. First, the complementarities in the model produce volatility in output across both 
industries and time as the level of production in one industry affects production in other 
industries through the technological spillovers. Second, the transition probabilities relat- 
ing current production to the history of the economy determine whether the economy 
exhibits multiple long-run equilibria. If each industry is sufficiently sensitive to the 
production decisions of others, then the economy exhibits two long-run equilibria. 

In terms of understanding growth mechanisms, our model gives a primary role to 
two factors. First, local linkages across industries can create sequential complementarities 
which build up over time to affect aggregate behaviour. Collectively, these effects can 
lead to aggregate growth. Second, leading sectors, defined as industries which trade with 
all other industries, can induce takeoff to sustained high production. Expansion of leading 
sectors can, by reducing production costs for the rest of the economy, induce a sequence 
of local spillover effects which lead the economy to sustained high production. Our 

1. In the non-stochastic coordination-failure literature, an economy is said to exhibit multiple equilibria 
if the reaction functions which describe how individual agents behave conditional on the behaviour of the rest 
of the economy do not uniquely determine the characteristics of the aggregate economy. By defining a stochastic 
economy as exhibiting multiple long-run equilibria when the conditional probabilities describing individual 
agent behaviour given the history of the economy are compatible with multiple invariant probability measures, 
we are thus generalizing this notion of multiplicity. 
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model thus provides a way of formalizing Hirschman's (1958) model of growth through 
inter-sector linkages. 

Section 2 of this paper develops a model of interacting industries and establishes 
the existence of an aggregate equilibrium. Section 3 discusses conditions for multiple 
long-run equilibria. In Section 4, the cyclical behaviour of the economy is explored 
through simulations. Section 5 analyzes the role of leading sectors in generating a takeoff 
from one long-run equilibrium to another. Section 6 provides summary and conclusions. 
A technical appendix discusses random fields and contains proofs of the various theorems. 

2. A MODEL OF INTERACTING INDUSTRIES 

We consider a countable set of infinitely-lived industries indexed by i. Time is discrete. 
The economy may be interpreted as the limit of an increasing sequence of economies 
composed of finite numbers of industries. All industries produce an identical good which 
may be used as capital or paid out as dividends; industries are distinguished by their 
respective production functions. 

Each industry consists of many small, identical firms. Aggregate industry behaviour 
is thus proportional to the behaviour of a representative firm. This industry structure 
allows us to model each industry as competitively maximizing profits subject to an 
industry-wide production function. Each industry is therefore assumed to choose a capital 
stock sequence Ki,, to maximize expected discounted profits Hi,, 

Hi, = E(Y4IO pt'+( Yt i ,+j- Ki,t+j)I t).2 (2.1) 

Yi, equals industry i's output as t; i, denotes all information available to the economy 
at the beginning of t. Each industry has an initial endowment of output Yio. 

Aggregate behaviour is determined by the interactions of many heterogeneous 
industries employing non-convex technologies. Production occurs with a one period lag; 
industries commit themselves to one of two production technologies, together with an 
associated level of capital at t in order to produce output at t+ 1. Cooper (1987) and 
Murphy, Shleifer, and Vishny (1989) exploit similar technologies to analyze multiple 
equilibria; Milgrom and Roberts (1990) discuss how this type of non-convexity can arise 
as firms internally coordinate many complementary activities. The technique-specific 
production functions produce Yl,i+l and Y2,i,t+l through 

Yl i,t+i =fi(Ki,t- F, vi,t, iQt-l) (2-2) 

Y2,i .+l =f2(Ki,t, ni,t, it-l)- (2.3) 
The dependence of the production functions on 5t-, reflects the presence of spillover 
effects from the history of production decisions to the productivity of the economy at t; 
these effects are described below. Vi,t and qi,t are industry-specific productivity shocks 
and F is an overhead capital cost. Without loss of generality we assume that Vi,t and qi,t 
are elements of i, and that the pairs (Ci,t, ,i,t) are jointly independent of each other and 
of any element in it-l- Recalling that firms within an industry are identical, we define 
wit which equals 1 if technique 1 is used by industry i at t, 0 otherwise; wt = 
{ ..i. wi,t, wi, (di+l,t... } is the joint set of techniques employed at t. 

2. Our assumption that firms maximize this function may be justified in a general equilibrium context if 
consumers are risk neutral, i.e. consumer r evaluates the consumption sequence {Cr}t+j through the function 

Ur,t = E (Zoo O's t+Crt+j I t) 

Under risk neutrality, the weights 13J correspond to date-zero Arrow-Debreu prices. 
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We place several restrictions on these technologies. Each technique fulfils standard 
curvature conditions. Further, we associate technique 1 with high production. Specifically, 
net capital NKi,,, which equals K ,, - F for technique 1 and Ki, for technique 2, has a 
strictly higher marginal (and by implication total) product when used with technique 1 
than technique 2. 

Assumption 2.1. Restrictions on technique-specific production functions. For all realiz- 
ations of {i,, 7j,t, and 9t_4,f1(NK,, t,, it-l) and f2(NKt,, qj,t, it-l) are (almost 
everywhere) twice-differentiable functions such that 

A. fA(0, tg,t-1) =f2(0, r7it,, it-l) = 0- 

B. fl ( i, t 9 i't -l) -Af2 (0, 77i , ti Zt -l) 0;I (OC)9 gi, t9 i0-t -l) (9f2 (,C 7 Ni t, it -l)0 B-= - = = =0. 
dNK dNK ' aNK dNK 

C NKgl( t, C,t, ts i-l1) C 0 f2(NKjt ,,7i t, it-l)C 
c 

dNK2 
9 

rdNK-2 - - 

D.afi(NKi ,t 6,t, it-l) > f2 (NKi, t 77i t, it -l)=__ 
aNK aNK 

We next restrict the nature of the technological complementarities which link the 
technique-specific production functions to the sample path of realized activity. First, all 
spillover effects are local in the sense that the productivity of each industry at t is affected 
only by the production decisions of a finite number of industries at t - 1. The index i 
orders industries by similarity in technology; spillovers occur only between similar 
technologies; we let Ak, = {i -k ... i... i + l} denote those industries which affect industry 
i, with k, 1 0 o. A large body of research in economic history has described the importance 
of local complementarities in the evolution of technical innovations.3 Second, our 
spillovers are explicitly dynamic. Past production decisions affect current productivity, 
which captures the idea of learning-by-doing as described by Arrow (1962). 

Specifically, we model the spillovers through the dependence of the technique-specific 
production functions on the history of industry technique choices. This means, in a 
leaming-by-doing context, that knowledge accumulation is a function of time spent on 
an activity, as opposed to scale. Since firms in an industry are identical, the industry 
technique choice represents a measure of total time devoted to a particular industry-specific 
technique. Further, we assume that greater time spent on technique 1 at t- 1 makes the 
technique relatively more profitable at t, which implies that there are positive spillover 
effects from high production. 

Assumption 2.2. Conditional probability structure of productivity shocks. 
A. The production functions at t depend on the technique choices at t -1. 

f F(Ki,,-t, it-1) =f1(Ki, - F, C,t, w3,1t_1Vj E Akj) (2.4) 

f2(K,t .7t n t1 = ;_)f2(Kit,7i t. n j t - I .Vj E Ak, 1) (2.5S 

3. Rosenberg (1982) documents many examples of local technological complementarities leading to 
intertemporal spillover effects across industry production functions. David (1988) argues that an important 
lesson from economic history is that economies exhibit nonergodic behaviour along many dimensions. 
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B. The relative productivity of technique 1 at t is enhanced by choices of technique 1 at 
t -1. If w' and w" denote two realizations of to-, such that () ? wVj E Ak,l, then 

fl(NKi,t, {i,t, Wjt-I = w'VEj E A,l) -f2(NKi,t, hi,t, Wj,t-I = w4Vj E AkEl) 

-f1(NKi,,, wi,t,ijt-1 = VjEj E Akl)-f2(NKi,t, Ti,t, j,Wt = wY] E Ak,l). (2.6) 

No markets exist whereby individual firms and industries can coordinate complemen- 
tarities. Markets are missing in two senses. First, there is no mechanism whereby firms 
in one industry can be compensated for choosing technique 1 at t- 1 in order to expand 
the production possibilities of the economy at t. Transactions costs are assumed to prevent 
the many firms comprising an industry from writing contracts to coordinate technique 
choices over time. Second, firms cannot be recombined under joint management to 
internalize the complementarities.4 Further, market incompleteness will not be overcome 
by strategic behaviour. Since each industry represents an aggregation of identical firms, 
each of which has no incentive to make technique choices to enhance future productivity, 
no industry makes a technique choice on that basis. These deviations from an Arrow- 
Debreu world fundamentally affect the economy's dynamics. 

Finally, we place an assumption on the relationship between aggregate output and 
desired capital which ensures that all desired investment can be achieved each period 
either through internal investment or borrowing. This assumption implicitly places restric- 
tions on the initial endowments and the technique-specific production functions. 

Assumption 2.3. Lower bounds on available capital. For all t, K:=_ Y. > Z=1K 
where K*, solves [af, (K* -F, Vit, 9.t-)]/1NK = 1. 

Under assumptions 2.1-2.3, one can characterize the conditional probability measures 
over output, capital and technique choices by all industries at all dates. This occurs 
because the history of technique choices is a sufficient statistic for the conditional 
probability measures describing the profit maximization problem of each industry. 

Theorem 2.1. (Structure of conditional technique choice probability measures.) In 
equilibrium, the conditional probability measure for each industry's output, capital stock and 
technique choice obeys 

( Yi,t+1, Ki,t, wi,t I 9t-l) = A( Yi(t+l , Kit Wi,tiV E Aktl) (2.7) 

It is now possible to verify the existence of an equilibrium. Theorem 2.1 describes 
the conditional probability measures for each industry. Proving the existence of equili- 
brium is thus equivalent to showing that these conditional probabilities are compatible 
in the sense that they are consistent with a joint probability measure over all industries 
at all dates. In one dimension, where the index is usually time, existence holds by standard 
results in the theory of Markov chains which show how specification of a probability 
transition matrix generates a joint measure (see finlar (1975)). For our model, industry 
output and investment decisions are indexed by Z2, the two-dimensional lattice of integers. 
Stochastic processes whose indices run over several dimensions are known as random 
fields. Some properties of random fields are described in the technical appendix. Condi- 
tions for the existence of a joint probability measure have been derived by Dobrushin 

4. The second form of missing markets can be replaced by an assumption that managers cannot completely 
coordinate the activities of sufficiently large organizations. 

5. Throughout, we denote the conditional probability measure of x given information y as ,u(x Iy). 
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(1968).6 Dobrushin's criteria apply to the conditional probability structure characterized 
in Theorem 2.1, implying Theorem 2.2. 

Theorem 2.2. (Existence of equilibrium.) There exists at least one joint probability 
measure over the output, capital stock and technique choices by all industries at all dates 
whose associated conditional probabilities possess the form given by Theorem 2.1. 

3. MULTIPLE LONG-RUN EQUILIBRIA 

Theorem 2.1 shows how the local complementarities structure of the model places precise 
restrictions on the functional form of the conditional probabilities describing production 
by each industry. In particular, the productivity of each industry at t depends on the 
technique choices of industries at t -1. The long-run dynamics of this economy will 
therefore depend on the way in which industry technique choices evolve. 

The evolution of technique choices in turn depends on the specific values taken on 
by the conditional probabilities relating industry behaviour at t- 1 to t. For example, if 
A(Wi,t I Wjt-, = lVj E Ak,l) = p.(Wit I Wjt-I = OVj E Akj), then the industry production 
decisions are i.i.d. random variables whereas if 4 (wi,t = 1 | jii,t- = OVj E Ak,l) = 0, then low 
production initial conditions (i.e. o-, = 0) can never be escaped by any industry. In order 
to precisely characterize the long-run behaviour of the economy, it is necessary to consider 
a subset of versions of the general interacting industries model by restricting the possible 
values of the conditional probabilities described by Theorem 2.1. We now examine a 
particular set of restrictions on these conditional probabilities which allows us to analyze 
the uniqueness of a high-production long-run equilibrium. 

Assumption 3.1 states that high production is always optimal when all possible 
productivity spillovers actually occur. The assumption implies that uniform high produc- 
tion represents a possible long-run equilibrium for the economy and thereby provides a 
benchmark for analyzing the conditions under which economies converge to high aggregate 
output. The assumption implicitly restricts the forms for the joint distribution of ~i' and 

as well as the production functions fi( ., ., . ) and f2( ., ., .). 

Assumption 3.1. Restriction on effect of past technique choices on current technique 
probabilities. 

(Wi,t = 1 | W,t- 1 = lVj E Ak,l) = 1. (3.1) 

From this assumption, it is clear that o" = 17 is a possible long-run equilibrium for 
the economy. Multiple long-run equilibria exist if for some initial conditions, zoo=1 
fails to emerge as t grows. Notice that even if ?-, =0, favourable productivity shocks 
will periodically induce industries to produce using technique 1. The choice of technique 
1 by one industry, through the complementarities, increases the probability that the 
technique is subsequently chosen in several industries. With strong spillovers, these effects 
may build up, allowing zoo= 1 to emerge from any initial conditions. Since the aggregate 

6. Dobrushin's Theorem allows us to show that an equilibrium exists for arbitrary initial conditions. 
When initial conditions are specified, existence may be proven using the Kolmogorov Extension Theorem, as 
the unconditional probability measures of all finite dimensional sets of elements are now defined. It is natural 
in this model to take the initial conditions for the technique choices as &-I = 0. 

7. For any random variable (or vector) xt, x>,, = lim,,0 x, in the sense of weak convergence. The probability 
measure of xO, equals the invariant measure of xt. Without loss of generality, all such limits are assumed to 
exist given any w-. 
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output at t is increasing in w,-1, the assumption allows us to analyze the stability of a 
long-run high aggregate output equilibrium from arbitrary initial conditions. 

Whenever some industry chooses wi, = 0, a positive productivity feedback is lost. 
Different configurations of choices at t - 1 determine different production sets and condi- 
tional technique choice probabilities for each industry. In order to analyze the long-run 
dynamics of the model, it is useful to define bounds on the technique choice probabilities 
from below and above by omin and Om" respectively. 

0mIn.< = 1 |ij,-l = 0 for some j E Ak,l) C 
ma (3.2) 

The stability of ow= 1 is in fact a function of the transition probabilities which 
describe how the economy evolves outside of the high-production long-run equilibrium. 
Intuitively, this long-run equilibrium is stable from any initial condition if the probability 
of high production by an industry independent of all complementarities is sufficiently 
large. In this case, the spillover effects induced by spontaneous production will -cause 
the economy to iterate towards the high-production limit. This can be seen in the extreme 
case where Om' = 1. Alternatively, if the production probabilities are too low in the 
absence of active complementarities, the spillover effects from spontaneous production 
will be insufficient to generate momentum towards w,, = 1. This can be seen in the extreme 
case where Omax = 0.8 For this parameter value, the economy consisting of all low- 
production technique industries is clearly an equilibrium. The interesting cases for 
uniqueness and multiplicity occur when 9klj and OkiX are not elements of {0, 1}, as these 
cases will result in non-trivial dynamics. The values of k and Rkl place bounds on 
the degree of complementarity in the economy. Small values of O,ax imply that com- 
plementarities are powerful, as the occurrence of high production is strongly dependent 
upon the choices of others. Conversely, large values of Ok,jl mean that complementarities 
are weak as high production frequently occurs even in the absence of high production 
by relevant industries in the past. The precise relationship between the transition prob- 
abilities and multiple long-run equilibria is summarized by Theorem 3.1. 

Theorem 3.1. (Uniqueness versus multiplicity of long-run equilibrium as a function of 
degree of complementarity.) For each index set Ak,, with at least one of k or I non-zero, 
there exist numbers jk,l and Ok,l 0 < Ok, < Ok,j < 1 such that 
A. If Om'k =l then j(wi = 1 | o-1 = O) = 1. 

In an economy starting with all low-production technique industries, any individual industry 
will almost surely converge to the high-production technology. 

B. If Zlmx,.ik,, then 

i.,@,o 1 1 - ) < 1. 

ii. (=1 0=) = 0. 

In an economy starting with all low-production technique industries, the probability that any 
individual industry achieves high production will be bounded below 1. Further, the economy 
will almost surely fail to converge to the high-production long-run equilibrium. 

The long-run behaviour of technique choices can be immediately related to the long-run 
behaviour of output through the effect of technique choices on productivity. Theorem 
3.1 immediately implies Corollary 3.1, which gives conditions for uniqueness versus 
multiplicity of long-run average output. 

8. When r"' =0, our model reduces to a static coordination failure model where the two equilibria 
impose homogeneous behaviour on all agents. 
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Corollary 3.1. (Relationship between long-run industry output and degree of complemen- 
tarity across industries.) Given 0k,l and Ok!L as defined in Theorem 3.1, for every industry i 

A. If Okm'j 1, then E(Yi,. to-, = 1)= E(Yi, Io-,1 = ). 
B. If OZZXCk,, then E( Yijo -1 = 1) > E( Yiw -1 = 0). 

Further, there exists a relationship between the set of values of #k,I which generates 
multiple long-run equilibria and the range of the index set Akl. Theorem 3.2 states that 
if the number of industries which must act in unison to ensure that high production is 
employed with certainty by a given industry increases, the range of parameter values for 
the conditional high-production probabilities such that uniform high production fails to 
emerge will never decrease. This result provides a sense in which high-production 
outcomes are less likely to emerge for economies with large spillover ranges. 

Theorem 3.2. (Relationship between probability bounds and range of complemen- 
tarities.) Let I(#kl) denote the set of values of k,l which generate multiple long-run 
equilibria, in the sense of Theorem 3.1 and Corollary 3.1. If AkI C Am,n, then I(#k l) c I(#m,n). 

Consequently, for an arbitrary range of local complementarities, the long-run 
behaviour of the economy is jointly determined by initial conditions and transition 
probabilities. These two factors collectively select a long-run equilibrium. When multiple 
long-run equilibria exist, the transition probabilities do not determine a unique invariant 
probability measure for the system. This property is far more common for random fields 
than for one-dimensional stochastic processes. Intuitively, when economic agents interact 
along several dimensions, the degree of dependence between the agents increases 
sufficiently to generate multiple long-run outcomes. 

In addition, Theorem 3.1 and Corollary 3.1 illustrate a dynamic path for economic 
development. Unlike static models of industrialization, our framework demonstrates how 
high levels of production can emerge endogenously from low-production initial conditions. 
Complementarities can build up across time, leading asymptotically to uniform high 
production. This idea suggests a resolution of the paradox posed by Scitovsky (1954), 
on how a railroad that requires the existence of a steel industry to provide inputs of 
production and a steel industry that requires the existence of a railroad to transport 
materials can ever jointly develop. When spillover effects occur sequentially and when 
the probability of high production is still non-zero for an industry even when other 
industries are inactive, the high-production long-run equilibrium can emerge from the 
build-up of complementarities, so long as industries are not too interdependent. 

One can associate to. = 1 with the equilibrium which would emerge if all firms chose 
their production levels cooperatively. If production through technique 1 is sufficiently 
large for to = 1 versus any other configuration, then tot = 1 emerges as the cooperative 
(and efficient) equilibrium for all t _ 0. Consequently, incompleteness of markets lowers 
the mean and increases the variance of industry and aggregate output along the inefficient 
equilibrium path, as technique choices fluctuate over time. When industries fail to 
coordinate, production decisions become dependent on idiosyncratic productivity shocks. 
Observe that the volatility associated with the low-production long-run equilibrium is 
caused by fundamentals and is quite distinct from the case where market incompleteness 
leads to the emergence of sunspots in aggregate activity. 
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4. SIMULATIONS OF AGGREGATE DYNAMICS 

Our model of interacting industries is capable of producing rich cross-sectional and 
intertemporal dynamics.9,10 In order to better understand the behaviour of the interacting 
industries economy, and to indicate how the model can provide some insight into business 
cycle fluctuations, we consider some simulations for the interaction range Al, l= 
{i -1, i, i + I}. In order to simulate the economy, it is necessary to specify values for the 
conditional probabilities defined by Theorem 2.1. We assign these by assuming that 

p4w,,,t = 1 I -1 jt-i = 3) = 1 

t= 1 I -1 0i-j,t-l = 2) = ol 
~~t(w411IZ> (i wj,1 l) 0 (4.1) 

g(wit= 1 
IF'1 i ,t-l = 1) = 02 

(@is = l J=- w i-j,t-1 = ?) =03 

and then choosing values for the Oi's. Each choice of the Oi's corresponds to a particular 
parametrization of the shocks and production functions for the interacting industries 
model. The model is nonergodic when all transition probabilities are below 0-45. 

We construct a finite approximation to the infinite economy consisting of 500 
industries over 2000 time periods. Output per period by each industry is assumed to take 
on one of two values, Y and X, depending on the technique choice. Aggregate output 
is computed by summing over individual industry outputs and normalizing so that the 
aggregate has the support {0, 1}.21 Figure 1 contains an 80-industry, 80-period sample 
path realization of the economy when 01 = 0 4, 02= 0-35, 03= 0-3. 

The figure illustrates how the economy exhibits substantial cross-sectional persistence 
in fluctuations, as groups of inter-connected industries simultaneously produce at high 
and low output levels. The associated aggregate output equation is 

Yt = 0- 18 + 0-49 Yt-,1 + 007 Yt-2 + Et,1 (4.2) 

which indicates how incomplete markets induce intertemporal persistence in aggregate 
output: white noise productivity shocks interact with the complementarity structure to 
generate an AR(2) aggregate output series. The mean of aggregate output, 0-41, is 
somewhat greater than 03= 0 3, which indicates how the build up of complementarities 
affects the long-run mean of aggregate output. 

Second, we report the behaviour of this Al,, economy for 01 = 0 25, 02= 0-2, 03= 0- 15. 
The associated output equation is 

Yt = 0-13 + 0-29 Y,_1 + 0-02 Yt-2 + El, (4.3) 

9. The results in Theorem 3.1.B imply that each realization of the economy fails to converge to w,o= 1. 
When O,x _ k,@,=O and Om">0, it follows that each industry i possesses non-degenerate dynamics in 
the sense that lim sup wi,t = 1 and lim inf wi,, = 0 almost surely. The first limit holds since each period wi,t = 1 
with positive probability. The latter holds because the alternative, lim inf w,,, = 1, can hold iff coi = 1 after a 
finite number of periods, which requires that all elements oj = 1, j E Ak, I after a finite number of periods, which 
requires that all industries interacting with this previous set equal 1 after a finite number of periods, and so 
on. This recursion implies that = 1t=1o- = 0) $0 , which cannot hold by Theorem 3.1.B. 

10. When there are a finite number of industries, then as troo, the high-production long-run equilibrium 
will almost surely emerge, since each period there is a non-zero probability that all industries will spontaneously 
choose tehnique 1. However, a sufficiently large finite economy can replicate the behaviour of the infinite 
economy for any time period with arbitrarily high probability, thus appearing nonergodic. 

11. A {0, 1} support for industry output can be justified if Y1i, = Y if Ki,,, > K - {i,t_i and Y2,i,, = Y= 

f2(Ki,,-d) and then normalizing output. 
12. Each regression was computed using the last 1000 observations for all 500 industries of a 2000-period 

simulation where w-, = 0. In order to approximate the infinite economy, (wl,, = 1) was set equal to 03 in all 
periods, independent of w,1-, 
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unit roots in output, which have been the subject of so much recent empirical work. This 
inability occurs because normalized aggregate output behaves as a stationary P2 process. 
Unit roots can emerge in our framework, however, through the introduction of determinis- 
tic technical change which causes the aggregate production set to become asymptotically 
unbounded, as shown in Durlauf (1990). 

5. MOVEMENT ACROSS EQUILIBRIA AND TAKEOFF 

The existence of a low-production long-run equilibrium hinges critically on the 
probabilities of high production in the absence of potential complementarities. When 
these probabilities are sufficiently high, then the economy will evolve towards the high- 
production state. This feature suggests an interpretation of takeoff to industrialization 
as the consequence of increasing the microeconomic decision probabilities of choosing 
high production.13 

Technical change is a natural mechanism for introducing evolving probabilities in 
technique choice. Two different interpretations exist which can relate technical change 
to the simultaneous evolution of conditional technique choices across many industries. 

13. See Kelly (1990) for an interesting analysis of takeoff as resulting from the formation of economy-wide 
markets out of an initial localized market structure. 
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One possibility is that technical change is highly correlated across technologies. If one 
thinks of technical change as a multiplicative random walk with drift appended to 
individual industry production functions, this would require a great deal of cointegration 
across technologies. An alternative possibility is that there exists some common factor 
which simultaneously affects many industries. This idea underlies Hirschman's (1958) 
argument that the growth of leading sectors such as transportation or steel can expand 
production throughout the economy by stimulating demand and supply links across 
industries. 

In order to see how leading sectors can cause the economy to take off, we modify 
the model as follows. Let the high-production technology take the form 

Yi, i, t =fI(Ki,t - F, Vi,t, j, t-lVj E Ikl, Il,t) (5.1) 

where I's is industry i's input of a good produced by a single leading sector. When 
industry i employs technique 1, it starts production at t- 1 with a capital investment and 
then employs the leading sector input at t to produce output at t.14 

The leading sector is assumed to be monopolistically competitive. There is free entry 
into and exit from the industry. At t - 1, the j'th leading sector firm chooses its level of 
output at t, RIs , by choosing a level of capital K is -I. The firm's production function 
exhibits increasing returns due to an overhead capital cost F's 1 combined with an 
exogenous capacity constraint RAs l. The leading sector uses the final good as a capital 
input. We assume that the production function is linear in net capital; a multiplicative 
shift factor e,_1 allows the marginal product of capital to move over time. Thus 

R's = -,_1g(K1s,_1-F's 
1) if Rs _ 1 (5.2) 

R = Rs I1 otherwise. 

We assume e, R's and F'S are elements of i. 

In equilibrium, the leading sector produces subject to a no-profit condition. In other 
words, the date-zero price p's for leading sector output (where the price of the interacting 
industries' output at time 0 is taken as numeraire) equals the average cost for each firm 
in the sector. Without loss of generality, we assume that leading sector firms always 
produce at capacity, which means that the price of leading sector output equals 

pts = + (5.3) 

The first-order conditions for profit maximization ensure that the relative profitability of 
the first technique is increasing in e, increasing in RI,s and decreasing in F'S. 

This modification of the technique 1 production functions gives the necessary structure 
for providing a role for leading sectors in generating a transition to the high-production 
long-run equilibrium. Suppose that technical change leads to monotonic rightward shifts 
in the distribution functions of e, and RAs and a monotonic leftward shift in the distribution 
function for F's> In this case, the conditional probabilities 

A(Wi,l = 1 | Wj ,-1Vj E= Ak,l, e, R's, F's) (5.4) 

14. Under this timing specification, it is natural to think of the leading sector as replacing some phase 
of the production process which would otherwise require a part of Ki,,-1. Alternative specifications do not 
affect the results. 

This content downloaded from 128.104.46.206 on Fri, 22 Aug 2014 02:32:00 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


360 REVIEW OF ECONOMIC STUDIES 

will increase across time for all production histories as technical change occurs.15 If the 
conditional probabilities are sufficiently sensitive to the price of leading sector output, 
then takeoff can be induced by innovation in the leading sector production function. 
Suppose that the economy starts at the low-production equilibrium. If leading sector 
growth causes a sufficient increase in the conditional high-production probability for all 
production histories, Theorem 3.1.A shows how the economy will evolve towards uniform 
high production due to sequential spillover effects. 

Figure 2 illustrates how technical change can lead to rapid growth by showing how 
a simulated economy will expand as the industry-specific probabilities of high production 
increase over time. The figure contains a sample path realization for average production 
over 500 industries, employing a zero-one normalization for individual industry output, 
for a A1,l economy. All probabilities O0 initially equal 0-3. After 25 periods, the Oi's each 
grow by 0*01 per period. This continues for 30 periods, after which the economy evolves 
with the new conditional probabilities Oi = 0-6. The simulation produces an S-shaped 
pattern of growth, reflecting the convergence of the economy to the high-production 
equilibrium which, after the shift in probabilities, is now unique. 

09 

0-8 - 

0-7 - - 

% 0-6 - 

0-5 / 

03 

I 0-2 
0 10 20 30 40 50 60 70 80 

Time 

FIGURE 2 

Takeoff to High-Production Equilibrium A l, Complementarity Range. Vertical axis denotes % of industries 
at high production at t, 01, = 02, = 03,s ,01 = 030, t = 1 ... 25, 0j, = 0-30+0-01(t -25), t = 26 .. .55, 0j, = 

0 60, t=56...80 

6. SUMMARY AND CONCLUSIONS 

This paper is designed to illustrate how incomplete markets and local complementarities 
can combine to affect aggregate behaviour. We have analyzed these issues in the context 

15. For a wide range of market formulations, decreasing marginal costs in the leading sector due to 
technical change will lead to greater use of the leading sector input at lower prices by each industry, thereby 
stimulating high production. 
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of a modified Brock-Mirman stochastic growth model. The basic results we have shown 
are three-fold. First, we have shown how long-run growth may be affected by the 
interactions of market incompleteness and complementarities. Technological complemen- 
tarities combine with incomplete markets to generate multiple long-run equilibria. Second, 
by measuring the magnitude of technical complementarities through their effect on 
conditional production probabilities, it is possible to link the degree of complementarity 
in the economy to the presence of multiple long-run aggregate equilibria. Third, by 
increasing the probability of high production by individual industries, one may describe 
how economies shift across long-run equilibria. This feature illustrates how expansion 
of leading sectors can trigger industrialization. Methodologically, the paper has employed 
a probabilistic characterization of aggregate equilibrium which provides a way of describ- 
ing the dynamics of coordination failure. 

A major limitation of coordination failure and complementarities-based models as 
paradigms for macroeconomic behaviour has been their inability to address data questions. 
Conversely, a great strength of the representative agent/real business cycle paradigms 
has been the direct mapping of these models into aggregate time series. A major goal of 
this paper has been to show how complementarities can produce non-degenerate aggregate 
fluctuations. An important extension of this research is the identification of testable 
implications of the incomplete markets approach. 

APPENDIX 

1. Random field theory 

The mathematics in this paper, based on random field theory, is new to macroeconomics.'6 In this section, we 
try to provide some intuition into this branch of probability theory. Griffeath (1976) provides a very clear 
introduction to the general theory. A random field is any stochastic process made up of individual elements 
Wa of some set Ql, where a E A, an index set. If the index set is one of the integer lattices Zi, then one can 
define a local random field as a random field where the conditional probabilities based upon the rest of the 
system depend only on elements distance D away. 

,(&i)a I Ql- &a ) = AU(Wta I Ctb, O < la - bl c-: D) (A. 1. 1 ) 

A Markov random field obeys this structure for D = 1. When one of the dimensions indexing random variables 
is time, this definition treats the past, present and future symmetrically. One can also build up local random 
fields by conditioning only on the past. For the interacting industries model studied above, letting A = Z2, a = 
(i, t) and fl, = { ... w,-, wJ represent the history of technique choices up to t, a local, temporally Markov 
random field over elements cti,, may be defined by 

l(oi, ,IQf.,-1) = A(L,t I )b,t-l Eatot1, 0 <Ii - bl _ D). (A.1.2) 

An important feature of random fields with multidimensional index parameters is that these processes 
exhibit interesting forms of nonergodicity which are absent from one-dimensional processes. To see this, 
consider the Markov chain for the time series x, with state space {0, 1} and probability transition matrix Q. 

[ 1-a] (A.1.3) 

The only case where this transition matrix is consistent with more than one invariant probability measure for 
x, is when a = ,3 = 1, i.e. Q equals the identity matrix. This would mean that the time series generated by the 
process is degenerate.'7 However, for the multi-dimensional economies explored above, multiple invariant 
probability measures are consistent with non-degenerate time series. 

16. See Quah (1990) for an application of random field techniques to econometrics. 
17. If the state space possesses more than two elements, then one can construct finite Markov chains 

which are nonergodic yet produce non-degenerate time series. However, the system will still become permanently 
excluded from certain states. 

This content downloaded from 128.104.46.206 on Fri, 22 Aug 2014 02:32:00 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


362 REVIEW OF ECONOMIC STUDIES 

The intuition behind this difference is that multi-dimensional random fields exhibit a qualitatively different 
degree of dependence across individual elements than their one-dimensional counterparts. This difference stems 
from the large number of interactions between elements of multi-dimensional stochastic processes. We can see 
this by contrasting the interactions of x,_1 and x,+2 in a Markov chain with the interactions of xi,,t- and Xi, +2, 

in a random field corresponding to A1,1 in the text. As Figure 3 illustrates, there is only one path linking the 
realization of x,_1 to the conditional distribution of X,+2. The effect of x,-1 on x,+2 occurs only through the 
intermediaries x, and x,+,; generally, the effect of any individual element on future values of the process decays 
rapidly. For the random field corresponding to A,,1, many (7) different paths lead to an effect of the realization 
of xi,,-, on the distribution of xi,t+2. These paths are drawn in Figure 4. The number of inter-connections 
grows without bound as the distance between the elements increases. The many inter-connections in multi- 
dimensional systems lead to a substantially greater degree of dependence across observations than in one- 
dimensional systems, resulting in nonergodicity and hence multiple invariant probability measures for a rich 
class of models. 

2. Proofs 

Proof of Theorem 2.1. This theorem is based upon standard arguments showing that the equilibrium in 
the Brock-Mirman model can be supported by a representative agent economy with price taking firms. When 
{ and qi,, are elements of i, we can define the one-period profit function, 7rj,,(C i,., i-l) as the value of 

max sup (pf(Ki,, - F, Vi, - K,,, it-l)-Ki,.,pf2(K,t,, it -l) - Kf,)- (A.2.1) 
K,,, 

Given our assumptions on the production function, the timing of information and the size of firms (firms 
treat the technique choices of all industries in the future as invariant to their choices), it is straightforward to 

C)~~~~~~- m+ t t,+2 )(i+,.,+2) 

{ (x, l,,) (~~ x,,, Xi+,) (I) 

FIGURE 3 

Interactions in One-Dimensional Random Field 
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(X,?2 

mXI 

FIGURE 4 

Interactions in Two-Dimensional Random Field 

show that maximization of (2.1) in the text with respect to the entire {Ki,,} sequence is equivalent to maximizing 
(A.2.1) with respect to Ki,, period by period, so long as the solution to (2.1) is bounded. Concavity of the 
conditional production functions in capital renders the maximum to the profit maximization problem unique. 
Hence the profit maximization problem has a solution and an optimal sequence of technique choices exists. 
Finally, observe that Assumption 2.3 means that the total available output for investment is large enough to 
ensure that all firms can meet their desired investment levels. 

Clearly, if {i, and qi,, are known, then the profitability of each technique is known as well, which 
determines the technique choice unless the two techniques are equally profitable. Assume that all ties are 
broken by a time-invariant rule which is a function of Vi, and 77i,,. Recalling the equivalence of the firm and 
industry technique choices, by the Continuous Mapping Theorem, Yi,,+1, Ki, and oji, are measurable functions 
of these variables under perfect information. Application of the law of iterated expectations to the probability 
measure characterizing Yi ,+,, Ki, and ci,,, conditioning on any it-l, combined with Assumption 2.2.A yields 
Theorem 2.1. || 

Proof of Theorem 2.2. We verify the existence of a joint probability measure over the sequence of 
technique choices; the existence of a joint measure over output, capital and technique choices immediately 
follows from Theorem 2.1. To prove the existence of a joint probability measure, we verify the two conditions 
derived by Dobrushin (1968). First it is necessary to show that probabilities over all finite sets of technique 
choices can be consistently defined. This may be seen through the construction of the conditional probabilities. 
For any initial condition -,, one can consistently construct ,u(i1)Vi. One can proceed to assign probabilities 
for any finite set in [l,. Repeating this procedure, it is possible to assign probabilities for any finite set in QI,. 
Letting t=*oo, this means that all conditional probabilities over finite sets can be consistently defined. 

The second condition in Dobrushin is that for any finite set S and any 8 > 0, there exists a finite set of 
elements, F(S, 8), S m F(S, 8), such that 

WuS I F) -f AS IlR Q-S)l c_: S. (A.2.2) 
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To see that this condition holds for the probability structure we have examined, consider the case S= co, ,. 
Choose the surrounding set F as 

F={wp,q such that 0<|p-i|_k+l, 0<q-t|_ k+l}. 

Let F' be any set of co's such that Fr' fnr = rfnl wi,, = . From Theorem 2.1, the conditional probability of F' 
given F equals the conditional probability given F and owi,,. 

,a(IF' I w F) = (IF' IF) (A.2.3) 

Since this is true for all sets F', it is also true for ,- IF - oi,s, i.e. 

,U(floo - r - i, Ioi,t, F) = /U(foo - F - &i, F I) (A.2.4) 

which implies 

p4w,,, F, fQ-F- IF - p4,,F) (A.2.5) 
(IF, fQ-F-wIF ) V) * 

or 

I0i't lfl - o)i, I- IF) = 0, (A.2.6) 

showing that (A.2.2) holds for S = wi,,. Repeating for arbitrary S proves the theorem. I 

Proof of Theorem 3.1. The proof of (A) is based upon a generalization of a standard argument in 
probability theory describing the limiting behaviour of random fields. (See Kindermann and Snell (1980).) To 
show that the high-production long-run equilibrium is unique given a sufficiently high value of Ork, it is 
sufficient to provide conditions such that 

= ( 01i, = = 0) = 0. (A.2.7) 

The probability that &wj,, equals 0 is bounded from above by the probability that at least one of the elements 
C 't lsjE/ A,l, equals 0, since if none of these elements equals 0, coj,, equals 1 with certainty. Each of the 
elements wj,,-, is a function of k+ 1+1 elements of time t -2. If none of the elements in Wj 1-2, ejE 
{i-2k-1 ... i +21+ 1} equals 0, then none of the relevant elements wj t-, can equal 0. Hence, in order to have 
,u(j,,= O) $O, it is necessary for there to be a path of zeroes linking the elements of Wj,1-2, P E 

{i -2k-1 ... i + 21 + 1} through cwjt- E' eAk1, to co(i,,. Making this recursion n times leads to (k + l+ 1) n different 
paths leading from elements at t - n to &Lj,,. 

The probability that any path of length t -1 consists of all O's is bounded from above by (1 - I 
The probability that some path of zeroes leads from w- to Lui, can be bounded from above by summing over 
the probabilities of each such path, i.e. 

,u (&j, = ? | w-I = 0) _-- (k + I + 1 )"' 1 - 
lomniny)-l. (A.2.8) 

If Okr> (k+ I)/(k+ 1+1), then the limit of the right-hand side is 0 as t =oo, which is the required result. 
The proof of (B) is based upon known results concerning the model for A 10 = {i -1, i}. We prove (B.i); 

the proof for (B.ii) is identical. Let uk,l( ) denote the conditional probability measure of &wj,, for index set 
AkI and ,Ut(* ) denote the conditional probability measure for w, given Ak,,. Stavskaya and Pyatetskii-Shapiro 
(1968) and Shnirman (1968) prove that if - =0, there exists a 1> 0 such that (B.i) holds. We can thus 
assume that for some 01, 

A (c= 1 =1I1 =0)=<1. (A.2.9) 

In order to show that these properties hold for any Aki, it is sufficient to show that there exists a k0 > 0 such 
that 

(st)o= =1ii = 0) < 1. (A.2.10) 

We assume that the conditional probabilities of production under A1,0 always equal 01,o unless all relevant 
industries chose technique 1 the previous period, i.e. 

91,0 y; it 10ji-1,t- 1, oji,t-l ?) 

= p4'10(&,, = 1i = 1, t-=0) 
- ' I4't0c~ oi-i co =0, co,, . =A 1) 
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For any choice of Pk,l such that 

Pk,I-010 (A.2.12) 

and any sample path realization of w,-l, k ' 1 and I ' O imply 

ii)'t> =_1 I' - -). (A.2.13) 

The distribution of wt-l differs, however, under the two sets of transition probabilities. The proof is complete 
once it is verified that the distribution of wt-l is at least as likely to produce a high-production industry under 
,4Lk(.) than under kll()- 

For each w', define , as the set of all configurations w such that (.)i ' (,)'Vi. From (A.2.12) it is clear 
that the probability of a draw in E,, for w, is at least as great under M,o(*) than under y4"'(* ), for any w'. 
This implies 

,ue?( sw ,1Z1= 0)>,U1 ~kI(Z, E<,, 0). (A.2.14) 

Given Assumption 2.2.B, we can apply this argument t -2 times to yield 

ytl'?lt E _ = 0)> 'l_(@t__ E ' 0). (A.2.15) 

Choose w' so that ct'k=1 if k=i, i-i, 0 otherwise. This means that E., defines the set of sample path 
realizations of w,-l such that O,(l(c, = 1i1 w,-) = 1. A subset of these sample path realizations imply kik'11(wi,t = 

1 | ii-l) = 1. Hence it is at least as likely that wt-1 creates a conditional probability equalling 1 under ' (*) 
as under Aik,(*) 

We now can combine three results. First, (A.2.13) shows that conditional on any given wt-1, the probability 
of coj,, = 1 is at least as large for ,p(* ) than any ,4kj()* Second, (A.2.15) states that the probability that the 
draw of wt-l produces a conditional probability equal to 1 is also at least as large for ,I,(*. Third, (A.2.12) 
shows that any configuration w,-, such that the conditional probability of high production does not equal 1 
under A!,4'(*) generates a conditional probability under ,'(*) that is at least as great as under p'ak(*I 
Therefore, 

Hi t ()= 1 ',- =0) >-""(w - =i = 0). (A.2.16) 

Finally, weak convergence of coj,, to ctoj (given w-, = 0) implies 

lim p4' ,'(wi = 1il i-1 = 0) = yi (i Q = 1il i-1 = 0). (A.2.17) 

Letting t=>oo for both sides of (A.2.16) thus proves (A.2.10) and hence the theorem. II 

Proofs of Corollary 3.1 and Theorem 3.2. Corollary 3.1 follows from Theorem 3.1 combined with 
Assumption 2.1.D which implies that output is always higher for an industry when technique 1 is chosen over 
technique 2. Theorem 3.2 follows immediately from the proof of Theorem 3.1. 11 
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